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Abstract. Wc prove an h-microlocal control estimate on h -scales (0 < 5 < 
1) for eigenfunctions in a microlocal neighbourhood of a hypersurface H in 
terms of the mass in the restricted coball bundle and the mass concentrated 
on the glancing set. We use these control estimates to obtain L^-restriction 
bounds for the Neumann data along H. 



1. Introduction 

We consider here the eigenvalue problem on a compact Riemannian manifold 
(M, g) with or without boundary, with either Dirichlet or Neumann boundary con- 
ditions if dM ^ 0. That is, we consider 

-/^gi-Pj = X'jiPj, on M, 
Blpj = on dM. 

Here, (/, 5) = Jj^j fgdV is the L'^{M) inner product with respect to the induced 
Riemannian volume form dV, and where B is the boundary operator, either Bip = 
ip\dM in the Dirichlet case or Bip = d^(f\dM in the Neumann case. 

We introduce a hypersurface H C M, which we assume to be orientable, embed- 
ded, and separating in the sense that 

M\H = M+ U Af_ 

where M± are domains with boundary in A/. This is not a restrictive assumption 
since we can arrange that any hypersurface is part of the boundary of a domain. 

Our main result here deals with L^-restriction bounds for the normalized Neu- 
mann data X^^d^ifixln- 

Theorem 1. Suppose H C M is a smooth, embedded orientable separating hy- 
persurface and assume that H n dM ~ 9 if dM ^ 0. Let {<^Aj }j^i denote the 
LF' -orthonormalized Laplace eigenfunctions on M. Then, 

The result in Thcorcm[T]gcncralizes a result of Hassell and Tao jHTj for boundary 
traces of Dirichlet eigenfunctions (where there is 0(1) upper bound) to arbitrary 
interior hypersurfaces. We note that the universal L^-restriction upper bound in 
Theorem [1] for the normalized Neumann data \^^di^if\\H is substantially better 
than for the corresponding Dirichlet data 'P\\h which, by |BGTj . is only 0[\^) 
and the latter estimate is sharp. At this point, we do not know whether the bound 
for Neumann data in Theorem[T]is sharp. All examples that we are aware of in fact 

1 



2 



HANS CHRISTIANSON AND JOHN A. TOTH 



yield normalzed restriction bounds that are 0(1), consistent with the HasseU-Tao 
estimates for the boundary values of Dirichlet eigenf unctions. 

Our result in Theorem [T] relies on a 2-microlocal positive-commutator (Rellich) 
identity (see Proposition ll.ip which controls the restriction of the normalized 
eigenfunction Cauchy data along H: 

CD{\) {^x\H.\-^d,^x) 

in terms of interior mass on /I'^-neighbourhoods of the hypersurfaee. This somewhat 
technical result applies to any sequence of eigenfunctions (quantum ergodic or not). 

In the following we let the semiclasscal parameter h £ {^J^}j°^i and rescale the 
Laplacian to the semiclassical operator P{h) = —h'^Ag. We abuse notation some- 
what and write iph = fx for the eigenfunction with eigenvalue = h~^. To state 
the relevant commutator estimate, we introduce various /i-pseudodifferential cutoffs 
suppressing for the moment some of the technical details. Let x G C'^(ffi; [0,1]) 
with x{u) = 1 for \u\ < 1/2 and x(m) = for \u\ > 1, x- G C°°(K) with x_(u) = 1 
when u < — 1 and x+ G C°°(R) with x+i^) = 1 when u > 1. In addition we require 
that 

x-{u) + x{u) + x+iu) = 1; ueR. 

Let R{x' , ^') = a{—AH){x' , be the principal symbol of the induced hypersurfaee 
Laplacian Ah ■ C°°{H) C°°{H) and consider the decomposition of T*H into 3 
pieces given by the radial cutoffs Xin ; Xtan j Xout e C-(M; [0,1]) with x.n{x',0 = 
X-{R{x', - 1), Xtan(x', C) = x{R{x', C) ' 1) and_Xo«t(.T', = X+iRix', C) - 1). 
Clearly, supp Xin C B* H , supp Xout G T*H — B*H and in addition, 

(1.1) X^n{x\0+Xtan{x',a+Xout{x\e) = l■, {x' , C) ^ T* H . 

For any 5 G [0, 1) we also define the rescaled cutofi' functions by {xin)h,s{x,S) = 
X-{h-^{R{x',O-^)),{Xtan)hAx.0 = x{h-'{R{x',0-^)), and {xout)hAx,0 = 
X+{h-'{R{x',e)-l))- 

We denote the corresponding /i-Weyl pseudodifferential partition of unity by 

{Xta7i)h,s = Op^{{xtan)h,s) and similarly for {xout)h,s and {xin)h,s (see Figure 
[Ij. In the following, we denote the canonical restriction map by '■ C°°{M) — !> 
C°°{H) and the corresponding eigenfunction restriction by (pj^ := "fH^h G C°°{H). 

The main technical step in the proof of Theorem [T] is the following small-scale 
semiclassical Rellich identity. In keeping the notation consistent with that estab- 
lished in the literature, we define 

where u is the outward pointing unit normal vector and D = i~^d as usual. 

Proposition 1.1. Suppose H C M is a smooth, embedded orientable separating 
hypersurfaee with interior component A/_ and assume H Cl dM = 9 if dM ^ 0. 
Let {(fih : h £ {AJ^}} denote the -orthonormalized Laplace eigenfunctions on M. 
Then for any 5 G [0, 1) and h G (0, /io(<5)] sufficiently small, we have 

((1 + /l2AH)(x,„,ta„),T>^f , + ((X«n.ta„)5r.^^f ^ 

\ I L-'\H) \ I Li'^(H) 

= {bZ,tanix,hD,)ip^,,ipf,) +Oihn. 
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Figure 1. The hypersurfacc H in Fermi normal coordinates 
with the restricted cosphere bundle. In the second picture we have 
projected onto the coball bundle of H and sketched the microlocal 
partition of unity. The cutoff {Xin)h5 microlocalizcs to the interior 
of the coball, on scale from the edge, {Xout)h5 rnicrolocalizes to 
the exterior on the same scale, and ixtan)^ 5 (i^i dashed) microlo- 
calizcs to the edge of this set, where |^'| ~ 1 on scale /i*. This is 
the "glancing" set, since these directions have little or no normal 
direction ^„ in the lifted cosphere bundle. 
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The operators {x-)h s standard operator classes when S S [0,1/2), but 

for 6 G [1/2, 1) they belong to a second microlocal class of semiclassical pseudodif- 
ferential operators in Op^{S^^ ^) (see Definition 12. ip . The estimates in Theorem 
ll.ll in the latter case are more subtle. To state the stronger result, we need to in- 
troduce an appropriate class of /i-pseudodifferential operators Op'^^^{S°) second 
microlocalized along S*H and prove a Rellich-type bound for these operators. The 
appropriate 2-microlocal calculus is treated in section 12.2.21 The closely related 
calculus in |SjZwl[[SjZw2| is carried out in the case where S C T*M is a hypersur- 
face, but because Fermi coordinates separate base variables near H one can carry 
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out an effective 2-inicrofocafization afong tfie codimension 2 submanifold of T*M 
given by 

Y^H ■■= {S*H ® N*H) n T^Af 

Here, in terms of Fermi coordinates (.t„,x') near i7, T^M = {{x',Xn = £,n)} , 
N:H = {{x'- xn = 0, = 0, < e} and = {(a;', Xn = 0; 60; ^(^', O = 

1, 16.1 <£}• 

Remark: The results here make no dynamical assumptions, but in the special case 
where {M,g) is crgodic and 5 = 0, the identity in Proposition [TTT] gives the quan- 
tum crgodic restriction theorem (QER) in jCTZj for quantum ergodic sequences of 
interior eigenfunctions. Apart from the proof of Theorem [1] we believe the iden- 
tity is of independent interest with other applications as well. For instance, it is 
an interesting problem to determine whether Proposition 11.11 vields a "small-scale" 
quantum ergodic restriction theorem when 6 €z (0, 1). Wc return to this question in 
a work in progress |CTZ2j . 

Remark: The estimate in Proposition 11.11 is applied with scale 6 = 1/4 in the 
proof of Theorem [1] and so the control estimate for the full range S € [0, 1) is more 
general than we need here. However, it has other interesting applications (including 
small-scale QER) and so we present it here in the more general form. 



2. Second-microlocalized pseudodifferential operators 

We collect and briefly review here the requisite semiclassical analysis. This 
includes the various 2-microlocal symbol classes and the corresponding pseudodif- 
ferential operator calculus. The material here is a special case of more general 
two-parameter calculus developed in |SjZwl[ |SjZw2| . Since our interest lies in es- 
tablishing L^-restriction bounds for eigenfunctions along a hypersurface H C AI, 
we need only consider ambient symbols supported in an e > neighbourhood of H, 
where e > is arbitrary small. Thus, we introduce Fermi coordinates x = {x',Xn) 
near H with x = cxp^i^XnVx') with v^' an exterior unit normal to H. Since by as- 
sumption H is oricntablc, this is well-defined. In Fermi coordinates, H = {xn = 0} 
and it is convenient to define our symbols in terms of these coordinates. We do so 
without further comment. 

2.1. Homogeneous and semiclassical symbol classes. We collect for future 
reference a brief review of the standard symbol classes and corresponding pseudo- 
differential operators used later on (see also |Zw| ) . The more subtle 2 microlocal 
semiclassical analysis is treated in 12.2.21 

The standard homogeneous symbol spaces that are relevant here are 

5,";,(T*M) 

(2.1) = {aix,0 G C-(r*M - 0); |9,"9fa(x,0l = 00,^(0"^-"'"'+'""), P > S} 
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As for the semiclassical symbols, the relevant symbol classes for our purposes are 
(2.2) 

S'^i'\t*M X (0,/io]) = {a{x,£,-h) e C°°{T*M x (0,/io]); 

OO 

a{x,C,h) - ^a™_j(a;,C)/i"'"+^ a™_j G S'^^q}, 
i=o 

(2.3) 

SriT*M xiO,ho]) 
(2.4) 

= {a(x,^;/i) G C°°(r*M x (0,/io]; |9."afa| = 0„,/3(/i-™/i-*(l"l+l'^l) (0-°°)}, 

with (5 G [0, 1). Since both the eigenfunctions tph and their restrictions = (ph\H 
have compact /i-wavefront sets (see for example |Zw| and Section [5] below) we 
are interested here in only the case where the ^ variables are in a compact set. 
Consequently, the semiclassical symbol classes S™ are most relevant. In the special 
case where 6 = 0, 

Sl^{T*M X (0, ho]) - {a G C°°(T*A/ x (0, ho]); a| = O„,^(/i-™(0-°°)}. 

When the context is clear, we sometimes just write S"™ instead of S'™(T*Af x (0, ho]). 
The case where (5 = is sometimes denoted by S'™(1) in the literature. 

The corresponding /i-Wcyl pscudodiffcrcntial operators have Schwartz kernels 
that are sums of the local integrals of the form 

(2.5) OprAa){x,y)^{2Trh)-- [ e''^-y'i)/'^a{^,^;h)d^. 

We will use Op'^{a), and a^{x,hDx) interchangeably to denote /i-Weyl quan- 
tizations of a{x, ^; h) since each has its advantages. It is standard that for a G 

a^{x,hD,) ob'"{x,hD,) = e'^^^''^-''i'^y^^'^^/\{x,Ob{y,ii)\y=.^r,^i 

= c^{x,hD,) G 0^5^(5™^+"^''''^+*''^ (T*Af)) 

with c(x,^;h) = a{x,^;h)^b{x,^;h) and a{x,S^,y,r]) = — xr]. Similarily, for 
a G Sp,b G Sp with <5 G [0, 1/2), 

a^{x,hD,)ob^{x,ha:,) = c^"(.T,/iZ?,) G OK(5r+"^(r*Af)) 

with c(a;, ^; /t.) = a(a;, ^; h)ifb{x,^; h). 

Since eigenfunctions (and their restrictions) have compact /i-wavefront, it is the 
algebra Oph{Sg) that is most relevant here. We point out that for a^{x,hDx) G 
Oph{Sg), < 5 < 1/2, with a{x, ^; h) > 0, one also has the sharp Carding inequality 
a^{x, hDx) > —Ch^^^^ (in the sense) and indeed the sharper Fefferman-Phong 
inequality 

(2.6) a^{x,hD^)>-Ch^~'^^ 
also holds |Zw| . 

2.2. Semiclassical second-microlocal pseudodifFerential cutoffs: microlo- 
cal decompostion. 
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2.2.1. Fermi normal coordinates near H . Frow now on, we let x = {x' , Xn) be Fermi 
normal coordinates in a small tubular neighbourhood H{e) of H defined near a point 
xo 6 H. In these coordinates we can locally write 

H{e) :={(a;',a;„) e[/xR, |.t„| < e}. 

Here U C R"~^ is a coordinate chart containing xq G H and e > is arbitrarily 
small but for the moment, fixed. We let x S ^'^(M) be a cutoff with x(a;) — for 
\x\ > 1 and x(^) = 1 fo^' l-^l ^ 1/2- Moreover, in terms of the normal coordinates, 

-h^Ag ^ -^hD^^g{x)hD^^+ R{xn,x',hD^,) 

where i? is a second-order /i-differential operator along H with coefficients that 
depend on x„, and i?(0, x' , hD^') is the induced tangential semiclassical Laplacian, 
Ah, on H. Consequently, at the level of symbols, 

a{~h'Ag){x, - ml Ri^', ^n,a, 

where, 

a{^h^AH)ix\a=R{x\0,e)- 
Let jH ■ C^[M) — > C^[H) be the restriction operator 7_h(/) = f\H- The adjoint 
-f*H : C°(i7) ^ C°(Af) is then given by 

1h{9) =9-5h- 

When there is no risk for confusion we write iff^ = 'jH'fih and similarily ip^''^ = 
-ih-fHdx„'Ph- 

To describe the relevant 2-microlocal h pseudodifferential operators, we first 
describe the geometry. For < 5 < 1, the second microlocalization along S*H C 
T*M is achieved in several steps. 

The first step involves cutting off to a small neighbourhood of the hypersurface 

Si -.^ {{x,^} e H{ey, xn = 0} ^ T^M, 

using a 2-microlocal cutoff ai(a;„; h) in the normal variable Xn- 

Next, we make a full 2-microlocal cutoff to scale around the hypersurface 
E2 C T*M given by 

E2 := {ix,C) e Hie);R{x',Xn = 0,0 = 1} 

where we note that R{x' , 0, involves coordinates (x', complementary to (a;„, 
and so, in particular, 

{x„,i?(x',o,e')} = o. 

This allows us to simultaneously 2-microlocalize to the codimension 2 submanifold 
TiH '■= Si n S2 C T*M. In some applications, we localize to < h^/'^ , while 

in others we only localize in an /i-independent neighbourhood in Xn of the form 
\xn\ < ■ However, the symbols are quite explicit, so no confusion should arise. 

The relevant /i- neighbourhoods of Sj ; j = l,2arc, Si(/i) = {(a;,^) € H{e),\xn\ < 
h^^^},andE2{h) = G H{e),\R{x' ,0,C)~l\ < /i'^}. Finally, the eigenfunction 

mass 2-microlocalization is concentrated in the set Sij(/i) = Si (ft.) n S2(/i). 

Clearly, it follows that as a subset of T*M, the intersection Si n S2 C r*Af is 
the codimension- two submanifold S^j C Mi/^, • S*H given by 

(2.7) Sh = {ix,xn = 0;^',60 G T*M;R{x\xn = 0,^') = 1, < e}. 
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This is a subset of the total space of the normal line bundle over S*H with 
G Eh if and only if (a:',^') G S*H and i' = ai^a;' with \a\ < e and i/x' 
the unit exterior normal at x' € i/. Clearly, J^h C r*M is a submanifold of codi- 
mension two and is the total space of a trivial line bundle over the glancing set 
S*H, where the trivialization is given by Fermi coordinates {x',Xn) G H(e) with 

X = CX.p^,{Xnl^x')- 

2.2.2. Semiclassical pseudodifferential operators second microlocalized along Ejy. 
We introduce here the relevant 2-microlocal algebra of /i-pseudodifferential opera- 
tors localized on very small scales ^ where < S < 1 that will be used in the 
proof of our control estimate in Proposition ll.il When S G (0, 1/2) the pseudodif- 
ferential calculus is well-known |Zw| but for 6 > 1/2 the construction is more subtle. 
The relevant calculus has been developed in very general framework by Sjostrand 
and Zworski |SjZwl[ |SjZw2| to which we refer the reader for further details. Since 
a rather simple special case of their calculus will suffice for our purposes, we will 
attempt to keep the argument fairly self-contained. 

Definition 2.1. Let H C M be a hypersurface. We say that a semiclassical symbol 
b is 2-microlocalized along 'Sh and write b G g{T*M x (0, /iq]) provided there 
exists X e C^{R),ai{xn,^n;h) G S°/^{T*H{e) x (0,/io]) such that 

b{x,^;h) = /i-'"ai(x„,g„;fe) -x ^s^'^'^ ~ ^ ) , 0<6<1 

for all (x,^) G T*M. 

Remark. We note that in the specfic case where 

aiixn,^n;h) = xih-'xn)-xiU, X e Co°°(M), 

by rescaling in phase space (a;„,^„) {h^^^Xn, h~^^^^n) produces a symbol ai G 
Sg^2- In other words, since we are always using the Weyl calculus, it is sufficient 
that {dx„d^^)'''ai ~ 0{h~^^) to be in a good calculus. 

We will need the following proposition (see also |SjZwl[ rSjZw2| ). 

Proposition 2.2. Given a'"{x, hD^) G Oph{S'.£l^ s) and b'"{x, hD^) G OptiS'^l^s) 
it follows that 

a^{x, hDx) o b^{x, hDx) = c^{x, hDx) G OpuiS^'^+D 

with 

c{x, 5; h) = a{x, ^, h)#b{x, ^, h). 

Proof. Since 

d^>R{x',0,^') > C{C), C > 

near {i?(a;', 0, = 1}, as in |SjZwl[[SjZw2| , the proof hinges on the following real- 
principal type quantum normal form construction given in the following Lemma. 

Lemma 2.3. Let (xo,^o) G '^h o-nd let U C T*H be a sufficiently small open 
neighbourhood of {xo,^o)- For U small, there exists V C T*M"~^ open together 
with a canonical transformation 

KF : ([/, {x'o, Q) {V; (0, 0)); ^f{x' , C) - iv' , v') 
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and corresponding h-Fourier integral operators Fih) : C^{U) — )■ C^{V) such that 
(i) F{h) oxh ( j^s ) =u^v Xh ( I : 

(li) FihyoF{h) =uxvld, 

with X G C^CM""-^; (0,0) x (0,/io])- Here, A{h) =uxv B{h) denotes h-microlocal 
equivalence on U x V C T*H x T*W-^ . 

Given Lemma [2 . 3l one reduces the proof of the proposition to operators in normal 
form. In the conormal variables (x„,f„) the composition formula is standard since 
symbols are in the standard S'"^2"Classes with 5/2 < 1/2. Since symbols in S™^ g 

are separable, it suffices to assume that a{x,^;h) = 0,^') — 1)) and 

bix,C,h) = x2(/i-^(i?(x',0,e') - 1)) with xj e C^m-,] = 1,2. Let ^u, x ^y, G 
Oph{S'^)]i = l,...,A^o(^) be an /i-microlocal partition of unity subordinate to a 
covering of the supports of a and b in T*H by open sets Uj]j = 1, ...,iVo(/i) such 
that on each Uj Lemma [13] holds with h-FIO F{h) with WFl^{F[h)) C Uj x Vj. 
Of course No{h) = ©(/i-"''), which will be absorbed into the error terms. 

From Lemma 12.31 

No(h) 

<-K=Y. "^u.m o [F{hra]f:F{h)] o [F{hrbr,F{h)] o + R{h), 

where R{h) G Oph{SQ°°). For the inner model operators one simply rescales the 
fiber variables {y', rj' /h^) ^ (y'/Zi"^/^, rj' /h^^^) and computes the composition in the 
model normal coordinates. The result is that in each chart 
(2.8) 

[F(hrar,F{h)] o [F{hrb-F(h)] 

= {xi{h-'ii[)#X2{h~'il'i)T + 0{h°^)v^^L- 
(2.9) = (2^M-("-i) e»(-'-«'.'/>/'»^^^. (^_L|:, h'/^^'){x,#X2){h-"^il[) d^' 

+ 0(/i°°)l2^l2. 

The # product expansion is computed as usual in the h~^l'^ calculus and then 
rescaled, which is particularly simple for our special choice of operators: 

oo 

(xi#X2)(/i-'rh) = 5]/i^(i?.A, - D.yD^y\xi{h-'Ti^) ■ X2(/^-'ei)] le=V 

= xi(/i"''»7i) • X2ih~^vi) + Riy', v'; h), 

where, R{y',r]';h) e Sq°" {T*«"-^). 

□ 

Remark. We note that boundedness for aJJ" G Oph{S^^ g) with 5 G [0, 1) is 
clear by passing to normal form. Since F{h)*F{h) ^UjXVj Id, 

\\a^{x,hD,)U.^L^ < Zf^i \\x^ih-'v'iW{^^,hiy'^v')\\L^~^L^ 

(2.10) 

-Ef=i \\x'"{h'''v'i)i^^^iy',h,f)h^^L^ < cjx'^i^v.h^ + oih^-'). 
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The last line follows by rescaling 77' H- hri' in the fiber variables and then applying 
the Calderon-Vaillancourt theorem. 



3. ReLLICH identity for ft,-PSEUDODIFFERENTIAL OPERATORS 
2-MICROLOCALIZED ALONG E = S*H: PROOF OF PROPOSITION II . II 

Our main theorem relies on a Rellich identity which holds for {x, hDx) G 

Proof of Proposition \1.1[ We first assume H = 9A/_ where Af _ is a smooth open 
submanifold of M. This assumption is to be able to use Green's formula, but since 
we are allowed a cutoff to a subset of H, it is purely technical. We use a Rellich type 
identity to write the integral of a commutator over A/_ as a sum of intergrals over 
the boundary. The argument is partially motivated by Burq's proof of boundary 
quantum crgodicity (ic. the case H = dM) in [Bur] and our earlier joint paper 
[CTZ] , 

First, we choose -0 G Cjf'(M), = 1 for \s\ < 2, and we put 

where = 1 for l^^l ^1/2 and = for |m| > 1 as in the introduction. Then, 
a straightforward application of Green's formula and using that {~h'^Ag-l)iph = 
yields the Rellich formula 

(3.1) ^[ hh^Ag, a}"{x, hD^)] <pn{.x)^h{x)dx 

= -i hdx^a!"{x ,Xn,hDx)Lph\HWi\Hd(TH 

JH 



+ i i a'^{x',Xn,hDx)iph\Hhdx„iph\HdcrH 

JH 

hD^^ a'"[x' ,Xn, hDa;)iph\HWh\HdaH 

+ / a'"{x' ,Xn,hD^)lph\HhD^^(ph\Hdc^H■ 
JH 

In the following we continue to use the notation (pj^ := (phln and f^''^ ■= 
hD^iph\H- We begin by computing the RHS of (|3.ip . 

Since x(0) = 1 and [ip^{hDx^), {Xin)hs{x', hD^i)] = 0, it follows that the second 
term on the RHS of p.l|) is just 

(3.2) ((xm)?r,5(-^', /^^-') ^ ^l^"") + o(h^). 




As for the first term on RHS of p.ip we get 
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(3.3) / hDx^(x{xn)^hihD,j:JhDx^{xin)h5i^'^^Dx')'^h) ■^h\x„=odaH 



(3.4) 



H 



ihx'iXn) i^hihD^J iX^n)l5ix\ hD^,) hD^^^h 

a{x, hDx){l - R{xn, x', hDj:>))iph 



H 



x„=0 

Wh\x„=odcrH, 



H 



since x'(0) = 0. Moreover, {{hD^^ + R{x, hDx'))(ph ~ 'Ph in Fermi coordinates 
and one can add an energy cutoff (modulo 0(/i°°)-error) above to the region 
{ix',0-Al + R{xn = 0,x',f ) = 1 + 0{h^). But then since i?(x„ = 0.x', ^') = 
a{—h'^AH){x\£_') > 0, we have |^„| ^ 1 on this set and so the frequency cutoff 
ip'^{hDn) = 1. Consequently, modulo 0(/i°° )-error, p.3p is equal to 



H 



ix^n)hs{^', hD,,){l ~ R{0,x', hD^,))^^{hD,J^h ) ■ WU^^odau 

(3.5) ={{x,^)l,{x\ hD^,){l + h^AH)ip^,pj!) . 
Thus, from jS^), (l33|) and it follows that 

(3.6) ({Xi7i)h,s{x', hD^'Jip^'", vjf '"^ ] 



+ {{X^n)ls{x', hD^,){l + /i^Ah)^^ , ) 



b^{x,hD^)^h,^h} +0{h^) 



where, 
(3.7) 
It follows that 
(3.8) b'"{x,hD^) 



b'-ix^hD,) = -[-h'Ag,a^{x,hD,)] G OprASl:,^s). 



R{x',0,C)-l, 



R{x' ,Xn,hDx^), x{xn)hD 



(3.9) 
Clearly, 

b'^ix^hD,) 
with 



Osih°^)L-^L- brix, hD^) + b^{x, hD,). 

,i?(.T',0,C')-l. 



h'DijrAhDxJ, x{xn)hD.,„xTni- 



a{b,){x,C,h)=2Ci^iin)x'{x,,)xtni ^^''''\P ^ . 



As for the second term, 



R{x^,x',hD,,),x{x,,)hD.,^xTn C^'^ '^^s ' e Ovl{S'^„^s)- 



CONTROL AND NEUMANN DATA 



11 



Thus, V^{x,hD^) G 0]5^(S'|;^ 5) and by L^.bouiidedness (see ([SJO]) ). 
(3.10) b^{x,hD.,) = 6^(x, hD^) + Os{\)l-2^l^. 

Finally, we simply note that exactly the same argument holds for Xtan replacing 
Xin in the above. 

□ 

4. Estimating Interior terms 

4.1. Dirichlet data. From Theorem ll.il we have with bin € Oph{S^^ 5), 

(4.1) =(6r„(x,/ii?,)^,,v:>^) +0{h°^) = Os{h-'), 

where the last line in (jH]) follows by L^-boundedness oih^hf^{x, hD^) G Op^{S^^/j. 
Moreover since 1 — R{x' , Xn = 0, ^') ^ for (a;', ^') G supp(xi„)5, it follows by the 
sharp Garding inequality that 

(4.2) ((l + /^'A«)(x„0,t.-^f,^^)^,,„^^/iV(x.«)5r.5¥'f,^f)^,,„- 

Since the normal derivative term on the LHS of (14. ip is non-negative, one gets the 
interior Dirichlet bound 

4.2. Neumann data. In view of the positivity of ()4.2p . it follows from the 0{h~^)- 
bound for the RHS of (|4.ip that for the Neumann data one has the better bound 

(4.4) {{X^n)lsVu'''^ ^"^'^)mH) ^ 

5. Estimating the exterior terms 

5.1. Exterior mass estimates on C'(l)-scales. A key issue is mass concentra- 
tion of eigenf unctions: Let (p\/,j = 1,2,... be an orthonormal basis of Laplace 
eigenfuncgtions on {M,g) and H C M a hypersurface. To begin wc first discuss 
mass concentration of (pf^ on B*H on scales ^ 1 and then indicate the extension 
to small-scales ^ h^]S G [0, 1) using 2-microlocal calculus in subsection 15.21 

Let h G {Aj^};j = 1,2,.... Given < eo < 1 an arbitrary small number, let 
x{x,£,) G C^{T*M) be equal to one on the annulus A(eo) = {(x,^); (1 - eg) < 
^Ig < (1 + e) and with supp x C A(2eo). Let x £ be another cutoff equal to 
one on A(2eo) and with supp x C A(4eo). Consider the eigenfunction equation 

Then, P{h) := -/i^Ag-l is h elliptic for {x, £_) G T*M-A{e). So, one can construct 
an /i-microlocal parametrix with Q{h) G Oph{SQ q) so that 

(1 - x{h))Q{h)P{h){l - x{h))^h - (1 - x{h))Vh + 0(/i°°). 

Since P{h)^h = and a([P(/i), (1 - x{h))]{x,0 - for {x,£) Gsupp (1 - x(/i)), 
one gets the well-known concentration estimate 

(5.1) \\{i-xmvh\\L^^o{hn. 
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A similar argument with the derivatives d^iph{x) combined with Sobolev embedding 
impUes 

(5.2) - mWhWc- = 0{h^), 
and as a consequence 

WFhiiph) C S*M. 

Proposition 5.1. Let H C M be a hypersurface and (pf^ := (ph\H = Ih'Ph dn-d 
yj^'" = jH(hDi,iph) as usual. Then, 

and 

WFh{ip"''')ciWH. 

Proof. Let {x',Xn) G R"^^ x (— eo,eo) be Fermi coordinates in an eg cohar neigh- 
bourhood near H with H = {xn =0}. In these coordinates, 

(5.3) - h^A, = h^Dl^ - h^An + 0{xn)\hD,,\^ + 0{h^{\D'J + \a,J)). 

Let C{x',Xn,C) G C;f (R"-ix(-eo,eo)xR"-i) be equal to 1 whcn^' G B{l + eo) 
and vanishing outside 5(1 + 2eo). As above, we denote by ^ a cutoff with bigger 
support, equal to 1 in _B(l + 2eo) and vanishing outside i3(l + 4eo). Since [7/^ , A/f] = 
0, for j = 0, 1 we have 

(5.4) i-h^An - 1)(1 - ax',xr, = 0,hD,,))^HiihD^yiPh) 

(5.5) =-fH[-h^Dl^+Oixn)\hD,>f 

+ 0{h\\D'J + \D,J))]{1 - ax',xn, hD,,)){hDn)Wh 
+ -lH{-h^Ag - 1)(1 - C{x.Xn, hD,,)){hDn)Wh- 

Since > 1 + 2eo on supp (1 - Cix',Xn,C)), obviously + > 1 + 2eo also 
holds on supp 1 — C- But then, by (|5.2p (and since an application of hDn does 
not increase the wavefront set) it follows that both terms on the RHS of (|5.4p are 
©(/I""). As for the LHS, it then follows that 

(1 - C{x', Xn = 0, hD,,)) ■ i-h'AH - 1) • (1 - a^', Xn = 0, hD,,))^j^ = 0(/i°°). 

Then, since (1 — Q{h^AH — 1) is /i-elliptic on supp 1 — C{xn = 0, x' , £,'), by the same 
kind of parametrix construction used to prove (|5.ip . it follows that 

\\{l-C{x',Xn=0,hD,,))^H{{hDn)\h)\\L^=O{h°-). 

By a Sobolev argument, the same bound holds for C'^-norms. □ 

5.2. Mass estimates on scales 0{h^). We only need modify the argument in sub- 
section lSTTl bv choosing appropriate pseudodifferential cutoffs in Op5J'(S'^^ g){T*M) 
and then apply an analogous 2-microlocal parametrix construction. More precisely, 
we define 

C{x' ,Xn,hDx>) := xi^o^h'^Xn) ■ {xout)t,s{^' ^hD^>). 
Then, by choosing eq > small, for (a;',a;„,^') G supp(C) we have that 

ICIg = + R{X', Xn, a = C + Ri^': = 0, O + ao {h') 
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Using the fact that operators m Op^{S^^ g) constitute an algebra (see Proposition 
I2.2p . the argument then proceeds as in the proof of Proposition 15.11 and one gets 
that 

(5.6) max(((xo„OM^f^^f''^),((Xo«OM^f =0^(/i°°)- 



6. Proof of Theorem [T] 

Proof. Since 

in view of the bounds in (|4.4p and (|5.6p , it fohows that 



3-1) yn-'WhiH) = {iXtan)ls^^-'',^^''')^^^^^+0{h-'). 



To estimate the tangential term on the RHS of (|6.ip we note the difficulty is in 
estimating a term of the form 



which is no longer positive since l + h^An is small on the microsupport of {xtan)h s- 
To estimate this tangential term, we use Theorem ll.il vet again to get that 



(6.2) ^{bZ^{x,hD^)^u,^u)^^,^^ +Oih°°) = Osih-% 

Since |i?(x',x„ = 0,^') — 1| ^ when (a;',^') G supp (xtan)/t,5, by i^-boundedness, 

(6.3) ((l + /i2A^)(x,a„)5r.*V'f,^f)^,,„ =0*(/^')ll^flli2(/^)- 

It follows by the universal bounds of Burq-Gerard-Tzvetkov jBGT] that \\fh\\L^{H) = 
0{h-^/^). Thus, from (HH) and (lOl) . 

(6.4) ((X*a„)5r,.^f ■^ ■'')^,^^^ = Os{h'-^- + 
So, by (|6.ip we get that 

(6.5) \\'p"'n\hiH)=Os{h'-i+h-'). 

Choosing (5 = | to optimize (|6.5p finishes the proof of Theorem [TJ □ 
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